In 1963, Ross Finney answered a special case of the above question [1] . He proved that if there exists a pointlike simplicial mapping from a 3-sphere onto a triangulated space T, then T is a 3-sphere. In his paper he asked if a pointlike simplicial mapping of the 3-sphere which preserves orientation could be factored into a sequence of 1-Star collapse mappings of the 3-sphere onto itself. This is certainly a natural way to visualize such mappings. The purpose of this investigation is to answer this question in the negative and to prove a necessary and sufficient condition for such factorization. Received by the editors May 13, 1965.
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License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use II. Certain pointlike simplifiai mappings cannot be factored. The proof that certain pointlike simplicial mappings cannot be factored into a sequence of 1-Star collapse mappings will be accomplished by the following:
(i) The triangulation of the domain 3-sphere will be described, (ii) The triangulation of the range 3-sphere will be described, ( iii) The mapping/will be defined.
(iv) The mapping/will be shown to be pointlike and simplicial. (v) It will be shown that a 1-Star collapse mapping cannot be defined on any 1-simplex mapped to a point by the mapping/and have the 3-sphere as the range. Therefore it will not be possible to represent/as a sequence of 1-Star collapse mappings of the 3-sphere onto itself. Following this example a parallel question in dimension 3 will be answered. (i) Triangulation of the domain 3-sphere. Let A denote the union of three 3-simplexes, each pair of which have a common 2-face. Numbers will be used to denote vertices. Consider four copies of the set A with faces identified as shown in Figure 2 , defining 3-simplexes as indicated. This set connects A2 to A3 and is attached to the simplexes in Figure 2 , as indicated by the names of the vertices. The numbers in parentheses serve to define sets [/43^4] and [AiA2], respectively, which are also attached to the simplexes in Figure 2 , as indicated by the names of the vertices.
Let (2, 7, 9, 11) define a simplex. (This "fills up" the top of the above collection.) Figure 3. Consider the collection of 3-simplexes shown in Figure 4 . This completes the star of (3, 4) and (3, 5) and connects between the stars of these 1-simplexes. Identification is again indicated by vertex numbering and the numbers in parentheses serve to define similar additions for the star of (4, 5) and to fill in between completions.
The exterior 2-simplexes of the complex thus described form a 2-sphere S2 bounding a 3-cell C3. The join of this set with a vertex, 24, gives a triangulated 3-sphere, S3. This completes the description of the domain.
(ii) Triangulation of the range 3-sphere. A triangulated 3-sphere will now be described which will be the range of a simplicial mapping defined on the 3-sphere described above. Vertices 2, 3, 4, and 5 of the above 3-sphere will be identified under the mapping while no other pair of vertices is identified. Therefore in describing the range the numbers 3, 4, 5 will not be used so that the mapping can be defined to take vertex i to vertex /* for i/3, 4, 5 and to take 3, 4, and 5 to 2*. Consider the collection of 3-simplexes in Figure 5 . As before numbers in parentheses serve to define two similar collections of 3-simplexes and the adjoining of the sets is indicated by vertex names. The union of the above three sets and (2*, 7*, 9*, 11*) begins the triangulation of the range.
Additional 3-simplexes are to be added to the Simplexes of Figure 5 in the fashion shown in Figure 6 .
This total collection of simplexes defines a 3-cell which, when joined with a vertex 24*, gives a 3-sphere. This completes the description of the range 3-sphere.
(iii) Definition of the mapping. On the vertices of the domain 3-sphere define fv(i) = /*, i # 3, 4, 5, = 2*, i = 3, 4, 5.
[November It is easy to see that if a collection of vertices in the domain determines a simplex then the images determine a simplex in the range. Therefore it is possible to define a mapping/to be the linear extension of/". (iv) The mapping f is pointlike and simplicial. The mapping is simplicial since it is defined to be the linear extension of a vertex mapping. 9* (II*, 7*) 7*(9*,1I*) 2* Figure 5 .
It is easy to determine that the mapping is pointlike. It is the identity on the complement of the 3-cell, C3. In C3 certain 3-simplexes are mapped to 2-simplexes and hence decomposed into straight line segments. The only 3-simplexes affected in any other manner are in the sets At. The situation on these sets is illustrated in Figure 7 . Therefore, if p is a point interior to a 3-simplex, f~\p) is a point. If/? is interior to a 2-simplex then/_1(p) is either a point or a polygonal arc. If p is interior to a 1-simplex then/-1(/>) is either a point, a line segment, or a triangle. If p is a vertex \htnf~1{p) is either a vertex, a 1-simplex, or the disk composed of the three 2-simplexes mapping to 2*.
Since the inverse image of any point is a pointlike set, the mapping is pointlike.
(v) The mapping f cannot be factored.
Lemma 0. If the set A is part of a triangulation of a 3-sphere, S3, then a l-Star collapse mapping cannot be defined on (3, 4) and have the range be a 3-manifold without boundary. Proof. It will be shown that there is no simplicial mapping of S3 onto any 3-manifold without boundary which identifies vertex 3 and vertex 4 while identifying none of 1, 2, and 5.
Suppose such a mapping, g, exists. Then g(l, 2, 5) is a 2-simplex and hence the common face of exactly two 3-simplexes of the range. The only possible candidates for such 3-simplexes in the range are the images of (1, 2, 4, 5) and (1, 2, 3, 5) since only these 3-simplexes have (1, 2, 5) as a common face in the domain. However, the images of the sets of vertices {1, 2, 4, 5} and {1, 2, 3, 5} are the same and hence cannot determine distinct 3-simplexes. This contradiction shows that no such simplicial mapping can exist.
The simplex (3, 4) could have been replaced by (4, 5) or (3, 5) in the lemma and have the same conclusion due to symmetry.
Since each 1-simplex mapped to a point by/is one of the type described in the lemma, it is clear that it is impossible to represent/as a sequence of 1-Star collapse mappings.
Once this question is settled in the negative it can be asked, "Is it possible to factor an orientation preserving pointlike simplicial mapping of S3 into a sequence of simplicial mappings of S3 onto itself each of which collapses either a 1-simplex or a 2-simplex?" A negative answer can be obtained from considering the preceding example. As noted the above mapping cannot be factored into simplicial mappings each of which collapses one 1-simplex. Since only three 2-simplexes are collapsed it is easy to see that this latter type factorization is also not possible. This is true since if a single 2-simplex, say (2, 3, 5) , were collapsed by a simplicial mapping of the 3-sphere onto itself then the 1-simplex (2, 5) would be collapsed while none of {4, 10, 11} was identified. This, however, is not possible since this is part of a copy of the set denoted by Ai in which it is not possible to collapse (2, 5) by such a mapping.
This example can be generalized to show that there is a pointlike simplicial mapping from a combinatorial «-sphere onto itself which cannot be factored into any nontrivial sequence of simplicial mappings, i.e., identity mappings and / itself. In a slightly different direction Cohen [6] has given an example of a pointlike simplicial mapping of Sn («^5) onto a complex which is not a combinatorial manifold.
III. Certain mappings can be factored. A set M is starlike with respect to a point p if for any point q in M the straight line from p to q is contained in M.
Condition W. There is a 1-simplex a1 = (v1, v2) such that the St vx can be made starlike with respect to v2 by a simplicial homeomorphism of the space onto itself.
It is easy to see that Condition W does not hold for any 1-simplex collapsed by the mapping in the example of §11.
The following theorem is the key to whether or not a pointlike simplicial mapping can be factored. All triangulations are assumed to be combinatorial. Proof. Suppose Condition W holds. Then there is no loss in assuming the St ¿t o be starlike with respect to v2 for some simplex a1 = (vu v2). Consider the mapping g which is defined to be the identity on the complement of St vx and is defined on St »i to be the linear extension of the vertex mapping m which is the identity on Bdy St v1 and which takes the vertex v1 to the image of the vertex v2 under m. Simplexes of the form (vx, v¡) map to the simplexes of the form (v2, v¡) and these will remain in the same complementary domain of Bdy St t^ so that the mapping is well defined. The result of the mapping g is a new triangulation of an «-cell of the «-sphere. That is, the «-cell St vx has been replaced by an «-cell with a different triangulation and the same boundary. The mapping is obviously a l-Star collapse mapping. Notice that g{ax) is a vertex and St a1 is collapsed to an (« -l)-cell D. Furthermore on the complement of the star of the 1-simplex ax, the mapping is a simplicial homeomorphism. Now suppose that a l-Star collapse mapping g can be defined on a 1-simplex ai = (vu v2). It will be shown that St v1 can be made starlike with respect to v2. The image of St vx under the l-Star collapse mapping g is an «-cell (it is simplicially homeomorphic to St y1\St a1) which can be made starlike with respect to gt^) by a simplicial space homeomorphism, /. Then the composition of g and /* is a l-Star collapse, G, such that C(St vj is starlike with respect to Gí^). Since no vertices other than v1 and v2 are identified by G, it is a simplicial homeomorphism on the complement of St a1.
A new triangulation of G(St vj will be defined such that the «-sphere so obtained will be simplicially homeomorphic to the domain of g. In this new triangulation St G^) will be starlike with respect to the vertex associated with v2. The following results will be needed for the next theorem.
Lemma 1. Suppose K is a polyhedral subset of the interior of a combinatorial n-manifold M such that K is cellular in M. Then if N is a regular neighborhood of K in M the interior of N is an open n-cell.
Proof. Since Kis polyhedral it is possible to subdivide so that Kh a subcomplex. By Whitehead [2] , in the second derived subdivision of this triangulation the simplicial neighborhood of K (the collection of all simplexes having a vertex in K) is a regular neighborhood, N. Further, by the same reference, any two regular neighborhoods are combinatorially equivalent.
Since K is cellular in M it is also cellular in N. That is, the function h which maps Ktoa point and is a homeomorphism on M\K is, of course, a homeomorphism on N\K.
It is well known that a cellular decomposition of an «-manifold with a finite number of nondegenerate elements has a decomposition space homeomorphic to the original manifold. (iv) If Ri is a subset of of'1, i=l, 2, such that g(Ri)=g(R2) then Rx is homeomorphic to R2.
These are well-known results with straightforward proofs. Notice that Lemma 3 says that if M contains interior points of a simplex, a, and a vertex then M must contain a.
The idea of a Whitehead collapse will also be used. This is defined and discussed in [2] where the next result also appears as Lemma 1 of that paper. Proof. Define the mapping « as fg'1.
To show that « is pointlike suppose x is a point of h[g(Sn)]. It must be shown that h~1(x) is a pointlike set. Since h~1(x)=gf~1(x) and/is a pointlike mapping (so that f~1(x) is a pointlike set) it must be shown that g preserves the pointlike character of/" 1(x).
Let M denote/-1^).
Then (ii) Suppose M n Int St vt^ Q and M n Int St a1 = □. Let K be a compact set in the complement of g{M). Then g-1(^0 is compact in the complement of M. Since M is cellular, a cell C can be found which contains M, does not intersect Int St a1 and is in the complement of g-1(AT)-Then g is a homeomorphism on C and g{C) is a cell containing g(M) which misses K. Therefore by Lemma 2, g{M) is cellular and this is equivalent to being pointlike in Sn. Then « is a homeomorphism from N2 onto g(N2). Hence g (JV2) is an open «-cell and the proof for case (iv) is complete. With reference to case (iv) there are some interesting alternatives. First, for « = 3 it is easy to see how to consider all the possibilities for M n St a1, select polyhedral cells closing on M and then "push" these around to make their intersection with St a1 parallel to a1 so that g would map them to cells closing on g(M) and therefore prove that g(M) is cellular.
An alternate proof of (iv) for « ^ 5 can be based on the following result of
McMillan (Theorem 1 of [5] ). Clearly V contains g(M) and is contained in U. It will be shown that any loop in V\g(M) is null-homotopic in U\g(M). Then by Lemma 6 this will imply that g(M) is cellular. Suppose L is a loop in V\g{M). Consider g'\L). This is a set in W which consists of a homeomorphic copy of L, say L, with possibly some subset crossed with an interval. This is true since the inverse image of a point is either a point or an interval. In any case g~\L) is homotopic to L by a homotopy/', t e [0, 1] 
Since M is cellular L is null-homotopic in g_1(z/)\M by the choice of W. Let f", t e [0, 1 ], denote the homotopy which shrinks L to a point.
Define, for y in L, fly) = g[ft"{ñ{g-\y)))l This is a homotopy which shrinks L to a point in £/\Af. Therefore g(M) is cellular. This completes the proof that « is a pointlike mapping. It remains to show that « is a simplicial mapping. Suppose t is in g(Sn). Then t either intersects the interior of the (« -l)-cell C which is the image of St a1 or not.
If not, then t is simplicially homeomorphic to g_1(T) and/is simplicial. Therefore « is a simplicial mapping on the complement of the interior of the (« -l)-cell C.
If, however, t intersects the interior of C then t is a/simplex and g_1(T) is a (/+ l)-simplex. In any case r is simplicially homeomorphic to a face of g_1(r). Then/maps this face simplicially to a simplex whose dimension is no greater than that of t. Hence h=fg~1 is simplicial on t.
This completes the proof of Theorem 2. If crn = (w0,..., wn) is an «-simplex of F(Sn) then F_1(crn) is a complex which has at least one vertex in each F " l(wj), which has no vertex outside LJf. 0 F ~ 1(wi) and which contains exactly one «-simplex on which Fis one-to-one. Then/[F_1(an)] is an «-simplex off(Sn). Let H be the linear extension of the mapping m. Then H is a simplicial homeomorphism.
Conversely, if Condition W does not hold by Theorem 1 it is not possible to define a l-Star collapse and therefore not possible to factor as indicated.
This completes the proof of Theorem 3. Obviously, the process described by the theorem can be continued until some/is obtained such that Condition W does not hold. Hence complete factorization may be possible.
In considering a pointlike simplicial mapping/defined on Sn, Finney's theorem states that for « = 3, f(S3) = S3. No such assumption was made above for «^3. However, on the basis of the preceding theorem, a theorem analogous to Finney's for « ä 3 does follow. TV. Factoring in subdivisions. The purpose of this section is to answer two questions which arise in connection with the example in §11. The first is " Do there exist subdivisions of the domain and range relative to which the mapping /defined in §11 is simplicial and such that/can be factored into a sequence of 1-Star collapse mappings?". Since the subcomplex which is mapped to a point in the example is collapsible (it is a disk) the second question is "If C is a subcomplex which is not collapsible (e.g., Bing's "house with two rooms") and/is a pointlike simplicial mapping such that C=f~1(v) for some vertex v in the range do there exist subdivisions relative to which / is simplicial and such that / can be factored into a sequence of 1-Star collapse mappings?"
The answer to the first question is affirmative and Figure 8 indicates how to The 1-simplexes should be collapsed as follows: (1) (a, 2) (2) (2, 3) (3) (2, 4) (4) (2, 5) (5) (b, c) (6) (c, d) (7) (e, d). It is not difficult to verify the validity of this sequence, i.e., each is a 1-Star collapse and the product has the same effect as/ One observation serves to answer the second question.
Lemma 7. Suppose C is a 2-complex in S3 which has no free edges. If a1 is a l-simplex of C which satisfies Condition W and g is a l-Star collapse defined on a1 then g(C) has no free edges.
